The Garfinkle-Vachaspati transform is a deformation of a metric in terms of a null, hypersurface orthogonal, Killing vector k µ . We explore a generalisation of this deformation in type IIB supergravity taking motivation from certain studies of the D1-D5 system. We consider solutions of minimal six-dimensional supergravity admitting null Killing vector k µ trivially lifted to type IIB supergravity by the addition of four-torus directions. The torus directions provide covariantly constant spacelike vectors l µ . We show that the original solution can be deformed
Introduction
Understanding the entropy of black holes has been a long-standing problem in quantum gravity.
In string theory, considerable progress has been made in explaining the entropy of black holes in terms of statistical mechanical counting of microstates [1, 2, 3, 4] . For some supersymmetric black holes even exact counting formulae are known [5, 6, 7] . Typically these calculations involve counting states in a string theory system of branes at small coupling and then matching it with the exponential of the Bekenstein-Hawking entropy (or its generalizations like Wald entropy or Sen's quantum entropy function). The success of these calculations give us confidence that string theory has the right ingredients to describe black hole entropy. However, unfortunately, these calculations do not tell us how these microstates are to be described in the regime of parameters where we actually have a black hole.
In the last fifteen years or so, considerable effort has gone in describing microstates of black holes under the fuzzball paradigm [8, 9, 10, 11] . Various techniques have been developed to construct "microstate geometries" -horizonless, non-singular solutions in supergravity. These solutions are expected to be supergravity approximation to string theory configurations for black hole microstates. The program of constructing such solutions in supergravity has had most success for supersymmetric black holes. An important step in this program was the development of general formalisms for classification of supersymmetric solutions using Killing spinor techniques. Such a classification was first carried out for minimal N=2 theory in 4D [12] , and almost twenty years later for supergravity theories in 5D [13, 14, 15, 16] and 6D [17] . The 6D case considered by Gutowski, Martelli and Reall (GMR) is of special interest to us in this work, where the general supersymmetric solution is given in terms of a 2D fiber over a 4D almost hyper-Kähler base space. This form of the 6D solution reduces the problem of solving supergravity equations to a more tractable problem of solving a reduced set of equations on the 4D base space.
In constructing new solutions of supergravity equations, it is also useful to have solution generating techniques. Such techniques allow us to construct new solutions from the known ones.
A useful solution-generating technique is the Garfinkle-Vachaspati transform [18] . It goes as follows: given a spacetime configuration with metric g µν admitting a null, Killing, and hypersurface orthogonal vector field k µ , i.e., satisfying the following properties,
for some scalar function S, one can construct a new exact solution of the equations of motion as,
2)
The new metric g ′ µν describes a gravitational wave on the background g µν provided the matter fields, if any, satisfy some conditions [19] and the function χ satisfies
This technique has been applied in varied contexts, see e.g., [20, 21, 22, 23, 24] .
A generalisation of the above Garfinkle-Vachaspati transform was speculated by Lunin, Mathur and Turton (LMT) in [25] . Motivated by previous work of Mathur and Turton [26, 27] , LMT considered supersymmetric deformations of GMR solutions lifted to ten dimensions that add travelling waves. They noticed that the deformed solutions can be written as a generalisation of the GarfinkleVachaspati transform, i.e., 5) where k µ is a null, Killing, but need not be hypersurface orthogonal, and l µ is a covariantly constant unit normalised spacelike vector, and Φ = 0.
The difference from the usual Garfinkle-Vachaspati transform comes due to the presence of spacelike Killing vector l µ and additional two-form potential C µν . In addition, the hypersurface orthogonality condition for the null Killing vector k ν is not required. A main aim of this paper is to present a derivation of the generalised Garfinkle-Vachaspati solution generating technique (1.4)-(1.5) and explore its applications. In particular, we achieve three things:
1. We show that the generalized Garfinkle-Vachaspati transform (1.4)-(1.5) is a solution generating technique for ten-dimensional IIB theory. We show that given a solution of minimal six-dimensional supergravity admitting a null Killing vector, and satisfying the condition 6) we can get another solution of type IIB theory. As long as condition (1.6) is satisfied, we do not require supersymmetry. The technique allows to add wave-like deformations.
2. We give explicit examples of applications of this technique. We add travelling wave deformations on multi-wound round supertubes and on a class of D1-D5-P backgrounds, generalising examples considered in [25] . We pick these examples as their dual CFT interpretations are well understood. We also present CFT interpretation of the deformed solutions.
3. For a class of supersymmetric solutions, we convert from GMR notation to Bena-Warner (BW) notation and using string theory dualities present the generalised Garfinkle-Vachaspati transformation in various other duality frames.
The rest of the paper is organised as follows. In section 2 we present the generalised GarfinkleVachaspati transform as a novel solution generating technique. Details on the proof are presented in appendix A. In section 2 we compare and contrast the generalised Garfinkle-Vachaspati transform with the original Garfinkle-Vachaspati transform and show that all solutions in the GMR form trivially lifted to ten-dimensions can be deformed via this technique. In section 3 we work out the deformation on the multi-wound D1-D5 round supertube and on a class of D1-D5-P backgrounds.
In section 4 we show that the deformations we add preserve smoothness of the solutions and analyse various global properties of the deformed solutions. In section 5 we identity the CFT states for the deformed solutions. In section 6 applications of the generalised Garfinkle-Vachaspati transform in different duality frames are explored. Some calculations details from section 6 are relegated to appendix B, where a dictionary between the GMR form and the BW form is also worked out. We close with a brief discussion of open problems in the section 7.
A generalised Garfinkle-Vachaspati transform
In this section, we present the generalised Garfinkle-Vachaspati transform as a novel solution generating technique. The technique allows to add wave-like deformations on solutions of minimal six-dimensional supergravity embedded in ten-dimensional IIB theory.
We establish that the generalised Garfinkle-Vachaspati transform,
is a valid solution generating technique via a direct calculation. We show that the left and the right hand side of the Einstein equations transform in the exactly the same way, thereby establishing that if we start with a solution, we can deform it to a new solution. In our convention, Einstein equations are,
together with F µλσ F µλσ = 0, F µλσ = (dC) µλσ and matter field equations are,
The vector k µ appearing in (2.2) is a null Killing vector. The vector l µ appearing in (2.2) is a unit normalised covariantly constant spacelike (Killing) vector orthogonal to k µ , and Φ is a massless scalar on the original background spacetime g µν , Φ = 0, (2.5) compatible with the Killing symmetries, i.e., k µ ∇ µ Φ = 0 and l µ ∇ µ Φ = 0. The transformed configuration also has k µ and l µ as Killing symmetries.
We present the details of the calculation of deformations of the left and the right hand side of Einstein equations in appendix A. Here we simply note that the left hand side transforms as, 6) while the right hand side transforms in the same way as long as,
In appendix A we also show that the 3-form field equation transforms covariantly, i.e.,
Often in string theory applications there are more than one covariantly constant spacelike (Killing) vectors l µ (a) orthogonal to k µ are available. In such situations, the generalised GarfinkleVachaspati transformation technique admits a further generalisation
where Φ (a) are scalars on the original background spacetime g µν satisfying Φ (a) = 0.
Comparison to Garfinkle-Vachaspati transform
Compared to the Garfinkle-Vachaspati (GV) transform, our solution-generating technique is more restrictive in some ways. As shown in [19] , for the GV technique to work the original matter fields have to satisfy certain algebraic transversality conditions. As long as those conditions are satisfied, the matter fields do not transform. Unlike the GV technique, in our technique the matter fields do transform. There is no uniform prescription for the transformation of all matter fields. We need to do a case by case analysis. For the two-form gauge field considered in this paper, the transformation is (2.2), provided the untransformed 3-form field strength satisfies the differential transversality condition (2.7). The differential transversality condition (2.7) is analogous to the transversality condition for the GV technique, though now it is a differential condition rather than an algebraic condition.
In the next subsection we show that the differential transversality condition (2.7) is satisfied for all supersymmetric solutions written in the GMR form. However, to the best of our understanding, conditions for having supersymmetric solutions are more extensive than just the above differential transversality condition. We suspect that our solution-generating technique finds applications in non-supersymmetric settings as well, provided the differential transversality condition (2.7) is satisfied, though we do not work out any non-supersymmetric example in this paper.
The differential transversality condition is consistent with Einstein equations. To see this, contract equations (2.3) with the k µ k ν as:
From the fact that k µ is a Killing vector, we have the identity
From this, it follows that 16) which is the "square" of this differential transversality condition (2.7).
Application to supersymmetric solutions
We can now apply the generalized Garfinkle-Vachaspati transform to supersymmetric solutions of minimal six-dimensional supergravity. For this set-up, our results are the same as [25] , so we shall be brief. In that reference, the authors showed that supersymmetric solutions of minimal sixdimensional supergravity embedded in ten-dimensional IIB theory can be deformed. They showed consistency with Einstein equations by showing that the deformed solutions are supersymmetric solutions of ten-dimensional IIB theory. The arguments presented there are of very different nature compared to the direct derivation of the generalized GV transform presented in this work. We now show the connection.
Supersymmetric solutions of minimal six-dimensional supergravity, trivially lifted to ten dimensions, can be written as [17, 25] For the successful application of the generalized GV transform, we only need to check that the field strength supporting (2.17) satisfies the differential transversality condition (2.7). The Killing spinor equation implies this differential transversality condition [17] . We can also explicitly check that it is satisfied using appendix A of [25] . To this end, consider k µ F µνρ :
We see that the differential transversality condition is equivalent to showing C uν = k ν , upto possible gauge transformations. Looking at the equation (A.6) of [25] , we see that indeed it is the case for the general GMR solution:
Deformation of a class of D1-D5-P backgrounds
In this section we present explicit examples of our general construction. We consider two classes of examples: multi-wound D1-D5 round supertubes and a class of D1-D5-P backgrounds. Throughout this section, Q 1 = Q 5 = Q, where
Multi-wound D1-D5 round supertubes were constructed in [28, 29] . This family is parametrised by an integer k via,
The case k = 1 corresponds to singly wound D1-D5 supertube. This configuration is dual to
Ramond vaccum |0 R . The k = 1 members of the family are obtained by acting with certain twist operator such that the resulting states have N/k component strings [30] . For k = 1 the geometries have conical singularities. The metric takes the form,
and the two-form field takes the form,
where
The y coordinate is periodic with periodicity 2πR y , and the parameter a is related to the size R y of the y-circle as,
In the large R y limit, the above geometry has a long AdS 3 × S 3 × T 4 throat. The throat together with the cap region is described by the metric obtained by focusing on the region of the spacetime with r ≪ √ Q. In this limit the metric becomes locally AdS 3 × S 3 with a Z k orbifold at r = 0, θ = π 2 . Linear deformation of the type obtained via our Garfinkle-Vachaspati transform on this solution were studied in [27] . We proceed by writing the linear perturbation from reference [27] in a suggestive form. We will then see that the deformation is valid non-linearly. To begin with, let us start by writing the background solution in GMR form (2.17):
with
and one-forms
10)
where c θ = cos θ and s θ = sin θ.
The linear perturbation in reference [27] was constructed in the gauge
where z is one of the four-torus coordinates. The explicit form of the solution with added linear perturbation is
We can simplify this form of the solution by adding a pure-gauge piece. We start by observing that K defined in (3.15) can also be written as
dr. 
As a result we can gauge away these pieces. Specifically, consider the diffeomorphism and the gauge transformation,
The new metric
takes the form
and new two-form field is
The configuration (3.23) and (3.25) is a generalised Garfinkle-Vachaspati transform of background
It is a non-linear solution of ten-dimensional IIB supergravity. Therefore, from now onwards we set ǫ = 1. Realising that f Q+f is simply 1 h we observe that the above solution is compatible with the form (3.7), provided we shift the one-form du as
The scalar field Φ satisfies 0 Φ = 0 with respect to the background metric ds 2 0 . This deformation is therefore of the form (2.17). We can generalise the above deformation further. Instead of working with the specific solution (3.27), we can consider the most general u-independent solution of the wave equation 0 Φ = 0 that remains finite everywhere. Such a solution can be written as a
The requirement that Φ be real fixes (c n ) * = c −n .
In fact, we can straightforwardly generalise the above discussion even further. In references [31, 32] a bigger class of three-charge solutions of IIB supergravity were constructed that generalise the above backgrounds with one more integer parameter m. These solutions are parametrised by parameters γ 1 , γ 2 and charges Q 1 and Q 5 . The dilaton vanishes for these solutions when the Q 1 and Q 5 are set equal (Q 1 = Q 5 = Q) and the moduli at infinity are chosen appropriately. In the component string picture of the D1-D5 CFT, these states corresponds 2m + 1 units of spectral flows on the above discussed orbifolds. A more general family is known where the spectral flow parameter is also fractionated [33, 34, 35] . For simplicity, we do not consider those states here; we expect our analysis to straightforwardly extend to those cases as well. The six-dimensional metric is [31, 32] 
We consider the range m ≥ 0, k > 0 ∈ Z. The two-form field supporting this configuration can be written as [32] 
In this class of metrics when we set m = 0 we get back to the configuration (3.3). This more general family when written in the GMR form (2.17) has quantities H, F, β, ω given as [36] , 37) and the base metric h mn given as,
On this rather complicated configuration one can add a general deformation as,
Indeed Φ i = 0 with respect to the background metric (3.29); the index i refers to the four-torus directions. Note that when m = 0, scalar (3.40) reduces to deformation scalar (3.28); when k = 1 it reduces to the deformation considered in section 5 of [25] . The deformed two-form field is,
The deformed solution has flat asymptotics, however it is not manifest in the above coordinates.
In the next section we find a set of coordinates that makes the asymptotic flatness of the solution manifest and read off the charges of the solution. In the following section we identify the CFT states dual to the deformed spacetimes.
Global properties and smoothness of deformed spacetimes
In this section we present a discussion on asymptotics, ADM charges, smoothness and some other global properties and of the deformed spacetime. The following discussion is a generalisation of the corresponding discussion in [25] of D1-D5-P geometries with k = 1 to D1-D5-P orbifolds parametrised by integer k = 1. We write out calculations where our analysis offers a simplification, or a different perspective, or fixes typos/errors over the corresponding discussion in that reference.
Asymptotics
To find the map between the deformed spacetime and the CFT states, we need to evaluate charges of the deformed spacetime. We first evaluate the charges in the asymptotically flat setting, and in the next section in the AdS 3 × S 3 × T 4 setting. We assume that c i 0 = 0 in (3.40) . A constant term in Φ can be removed by shifting the u-coordinate. However, since y and z i are periodic coordinates, such a shift does have an effect on the global properties of the solution. For simplicity we do not analyse the constant terms in Φ i here, and assume they are set to zero. At infinity metric of the deformed spacetime takes the form
The diffeomorphism that puts the metric (4.1) in a standard asymptotically flat form and has the property that the new time-coordinate is single valued is:
3) 5) with the value of λ is fixed by the requirement that the new time coordinate
is a single valued function under y ∼ y + 2πR y . This is achieved as follows: 8) where in going from the first step to the second we have used the fact that since f i (ṽ) are periodic functions inṽ ∼ṽ − 2πR y , the limit of integration (t, t − 2πR y ) can be changed to (0, −2πR y ). In going from the second step to the third step, we have once again used the periodic property of the functions f i (ṽ) and converted the limit of integration to (0, 2πR y ). This fixes the value of λ to be:
This expression differs from the one written in equation (4.12) of [25] ; also the value of the function
In new coordinates, the asymptotic metric (4.1) is
The z ′ i coordinates have the same periodicity as the z i coordinates. The periodicity of the y ′ coordinate is
This implies that the deformed solution has asymptotic radius y ′ ∼ y ′ + 2πR, with
The picture is as follows: deformations of a given state are constructed by introducing functions Φ i , while keeping n 1 , n 5 , m, k and asymptotic radius R fixed. In order to work with radius R (as opposed to R y ) we introduce
and we also note that
Charges
Now that we know the coordinate transformations that bring the metric in the standard flat form asymptotically, we can work out the charges. We extend the diffeomorphism (4.3)-(4.5) to finite radial coordinates as:
This choice simplifies the extraction of charges. At large values of r we find 2 ,
From these components we can extract the charges. The ADM momenta of the solution are
given by
where we have used the fact that c i 0 = 0 and where
is the six-dimensional Newton's constant.
The ADM mass is [37] 
Not surprisingly, the BPS bound is saturated; addition of momentum shifts the mass by P y ′ . Using (3.1) can rewrite the ADM momentum P y ′ as
To extract angular momenta, we use
33)
A simple calculation then gives,
where we have used expression for λ −2 (4.17) in going from the first to the second step. Similarly, we have
To summarise, the deformed state saturates the BPS bound and has charges
38)
Smoothness
Remarkably, the determinant of metric of the deformed solution gets no contribution from the scalars Φ i :
Therefore, as long as Φ i remain finite, the potential singularities can only occur at places where the background geometry can become singular. The vicinity of these potentially dangerous points is analysed in [32] for the undeformed solution. The analysis of that reference applies almost verbatim to our case together with the fact that the scalars (3.40) remain finite everywhere. This is perfectly in line with a conjecture of reference [25] . They conjecture that any regular solution of the D1-D5 system can be deformed into a regular solution via the above technique provided, (i) Φ i satisfies Φ i = 0, (ii) Φ i remains finite everywhere, (iii) Φ i approaches a regular function f i (v) as r → ∞ on the four-dimensional base space. Clearly all these conditions are met for the specific class of solutions studied in this paper.
5 Identifying CFT states
Decoupling limit
To map the deformed geometries into states in the dual CFT, we need to evaluate charges in the AdS region rather than the asymptotically flat region. Such a computation is possible only when the deformed geometry has a large AdS region; and a decoupling limit can be taken. The geometry develops a large AdS region when we take
To take the decoupling limit we must take ǫ → 0 while keeping the AdS radius √ Q fixed. The relation (3.6) implies that the size of the y-circle R y should go to infinity. We introducē
and take the limit R y → ∞. Without the deformation (i.e., with Φ i = 0) the decoupling limit gives
To understand the decoupling limit with the scalars Φ i turned on, we start by noting that in order to maintain ADM momentum (4.38) finite at R y → ∞, we must scale the scalars Φ i as
Then, in the metric, terms of the form 6) which in the decoupling limit R y → ∞ simply becomes
Thus, in effect, in the decoupling limit all Φ i terms scale out, and we once again we get the decoupled metric (5.3).
However, there is one subtlety. As we saw in the previous section the deformed metric is not manifestly asymptotically flat in coordinates z i , t, y. It is better to change coordinates to z ′ i , t ′ , y ′ to connect the decoupled region to the asymptotically flat region. Through this change of coordinates the scalars reappear. In order to implement these coordinate transformations, we first observe that in the decoupling limit λ from equation (4.9) simplifies to unity,
Since λ scales to unity, the transformations (4.18)-(4.20) simplify to
As a result, in primed coordinates the decoupled metric is
We can now read off the charges. We find
11)
These charges agree with (4.38)-(4.39) in the R y → ∞ limit.
Deformed states in the D1-D5 CFT
The expression for the momentum P y ′ , cf. (5.11), can be compared with momentum of the CFT state,
where |ψ is the undeformed state and J i −n are the modes of the four U(1) currents of the D1-D5 CFT. Assuming that the state |ψ is unit normalised, ψ|ψ = 1, we can fix the normalisation constant N using the commutation relations,
Define A † = n>0 µ i n J i −n . Using the fact that the commutator
is a c-number, a small calculation shows that the normalisation constant N is given by
where we have used e A |ψ = |ψ (which follows from J i n |ψ = 0 for positive n). This gives
To find the momentum, we compute the expectation value of L 0 andL 0 . Since right moving sector is untouched, we simply have
For the left sector, we need to do a computation. A simple way to organise this computation is as follows. Using the commutation relations,
To calculate Ψ|L 0 |Ψ we observe 
We conclude that,
Upon doing the Fourier expansion of (5.11) in the decoupling limit, we get
Therefore, the map between the quantities c i n and µ i n is
Let us remark that in the computations of this subsection the only property of the undeformed state |ψ we have used is that it is annihilated by A and B operators. The above analysis is therefore applicable to a large class of states. Although matching of the charges is no proof that the identified states are dual to the gravity deformation considered above; it is a strong indicator.
Dualities and the generalized Garfinkle-Vachaspati transform
In an attempt to explore further applications of the generalized Garfinkle-Vachaspati transform and related solution generating techniques, in this section we write deformed Bena-Warner solutions in various M2-M5-P duality frames. We obtain these various duality frames by applying dualities.
Our starting point is the D1-D5-P frame. In appendix B the dictionary for going from the M2-M2-M2 BW form to the D1-D5-P form is worked out. The string frame D1-D5-P metric can be written in the following form, cf. (B.34),
The RR two-form field supporting this solution takes the form, cf. (B.41),
where the two-form σ satisfies equation (B.42).
The application of the generalized Garfinkle-Vachaspati transform with, 5) leads to the transformed metric, (ds
with the transformed C-field,
These deformed solutions we now write in various other duality frames.
T-duality along z 1 -direction and M-theory lift
The first duality frame we explore is obtained by T-duality along z 1 -direction followed by an Mtheory lift along z 6 :
Performing these dualities, the final answer for the metric is
together with the 3-form field
In this duality frame, the transformation is essentially of the form of the generalised GarfinkleVachaspati transform. It is natural to conjecture that a solution generating technique akin to generalised Garfinkle-Vachaspati transform exist in (an appropriate truncation of) M-theory.
T-dualities along z 1 , z 2 , z 3 and M theory lift
The next duality frame we explore is obtained by T-dualities along z 1 , z 2 , z 3 -directions followed by an M-theory lift along z 6 :
Performing these dualities, the eleven-dimensional metric is,
together with the A (6) in eleven-dimensions, which is thought of as the dual of A (3) :
Even in this duality frame, the transformation is essentially of the form of the generalised GarfinkleVachaspati transform. Once again, it is natural to conjecture that a solution generating technique akin to generalised Garfinkle-Vachaspati transform exist in such a set-up.
T-duality along z 4 -direction and M-theory lift
The next duality frame we explore is obtained by T-duality along z 4 -directions followed by an M-theory lift along z 6 . Recall that z 4 is also the spacelike direction used for the generalised Garfinkle-Vachaspati transform, cf. (6.4). The duality sequence is:
After the T-duality the IIA ten-dimensional metric in the string frame is,
The associated form-fields are,
The dilaton remains the same, i.e., e 2φ = 1. The M-theory lift is,
In this duality frame too, the transformation is essentially of the generalised Garfinkle-Vachaspati form.
Similarly, one can consider another duality chain to another M2-M5-P frame as follows
Even in this duality frame the transformation is essentially of the Garfinkle-Vachaspati form. It is tempting to speculate that some solution generating techniques akin to generalised GarfinkleVachaspati transform exist for these set-ups as well.
Conclusions and future directions
In this paper, we have presented generalized Garfinkle-Vachaspati transform as a solution generating technique and have analysed in detail corresponding deformations of certain D1-D5-P orbifolds. We considered states that are obtained by (odd) integeral spectral flows on certain NS sector chiral primaries. A more general supersymmetric family is known where the spectral flow parameter is also fractionated [33, 34, 35] . We expect our deformation analysis to straightforwardly extend to that setting as well. A much more difficult question is how to add a similar deformation to nonsupersymmetric solutions considered in [33, 35] . The analysis of the current paper does not seem to be applicable, since in general such solutions do not admit null Killing vector. It will be interesting to figure out if a variant of the above analysis can be applied. 3 In the paper, we only considered deformation of solutions of minimal six-dimensional supergravity embedded in ten-dimensional IIB theory. Extension to non-minimal six-dimensional supergravity in a natural direction to explore. A form of such deformation for supersymmetric solutions was proposed in [25] . It will be interesting to check the validity of the proposed form and to relate it to our generalised Garfinkle-Vachaspati transform.
In an attempt to explore further applications of the generalized Garfinkle-Vachaspati transform, in section 6 we wrote a class of deformed solutions in various M2-M5-P duality frames. It is natural to speculate that some variant of the generalised Garfinkle-Vachaspati transform also exist for these M-theory set-ups.
Our generalized Garfinkle-Vachaspati transformation is an example of the extended Kerr-Schild metrics considered in [39] and [40] . Due to the assumption that the null and spacelike vectors are Killing, our analysis is more restrictive and hence our final results are much simpler. In addition,
we have non-trivial matter present compared to the general extended Kerr-Schild forms considered in those references. It will be interesting to see if we can further relax our conditions on null and spacelike vectors and relate our analysis to theirs.
Since the number of Killing symmetries do not change under our generalized Garfinkle-Vachaspati deformation, it is natural to ask whether the deformation has a simple group theory interpretation from the hidden symmetry point of view of type IIB theory. Hidden symmetries under null reduction of gravity theories have not been fully explored. Some general results are known [41] .
It can be useful to explore the null reduction further and find the interpretation of (generalised)
Garfinkle-Vachaspati transform from the hidden symmetry point of view. We hope to return to some of the above problems in our future work.
A Detailed analysis of the equations of motion
We establish that generalised Garfinkle-Vachaspati transform is a valid solution generating technique via a brute force calculation. We show that the left and the right hand side of the Einstein equations transform in the exactly the same way, thereby establishing that if we start with a solution, we can deform it to a new solution. In our convention, Einstein equations are
and matter field equations are
The tedious calculations required to show that these equations transform covariantly are organised The generalised Garfinkle-Vachaspati transform of the metric is,
where Φ is a massless scalar on the original background spacetime g µν ,
The vector k µ appearing in (A.3) is a null Killing vector
and l µ is a unit normalised covariantly constant spacelike (Killing) vector orthogonal to k µ :
Furthermore, we also require that the scalar Φ is compatible with the Killing symmetries,
so that the transformed spacetime g ′ µν also has k µ and l µ as Killing symmetries.
A.1 Left hand side of Einstein equations
The aim of this subsection is to find the transformation of the left hand side of the Einstein equations (A.1). Doing this is straightforward, though somewhat tedious. To compute the change in the Ricci tensor, we essentially need to compute the change in the metric compatible connection and its covariant derivative:
where Ω µ λν is the change in the metric compatible connection
The change in the metric compatible connection is
We compute various pieces required in equation (A.8).
We start by observing that the inverse of the transformed metric (A.3) is simply
Next, we introduce the notation,
The change in the metric compatible connection, Ω µ λν , is conveniently organised in two terms,
where the first term Ξ µ λν is the combination that features in the Garfinkle-Vachaspati transform without the spacelike Killing vector l µ [19] :
In order to proceed further we make a convenient definition,
using which it follows that 18) and therefore,
The trace of Ω µ λν is easily seen to be zero
As a result the transformation of the Ricci tensor (A.8) simplifies to
To compute the right hand side of the above expression, we need to compute ∇ µ Ω µ λν and Ω ρ µλ Ω µ ρν .
We can first show that
where we have used ∇ µ S µ ν = 0 and the fact that we are deforming the original solution via a massless scalar field (A.4). The first three terms of (A.22) combine to zero,
In order to simplify (A.22) further we develop some identities. One can easily show that
It then follows that the fourth term of (A.22) simplifies to
where we have used
, the last term of (A.22) simplifies to
where we have also used
When the dust settles, we get a simplified expression for equation (A.22):
This is one of the pieces that is required to compute the change in the Ricci tensor (A.21). The other piece that is required is Ω ρ µλ Ω µ ρν . In order to compute this combination, we start by observing that
In order to simplify this further, we use the following non-trivial identities, which can be straightforwardly established:
After all these simplifications, we get
Therefore, a final simplified expression for the transformed Ricci tensor is
In the next subsection we show that the right hand side of the Einstein equations (A.1) also transform in the same way.
A.2 Right hand side of Einstein equations
We start by recalling that under generalised Garfinkle-Vachaspati transform the two-form field transforms as
To show that the right hand side of the Einstein equations (A.1) transform in the same way, we 40) and
As mentioned in the main text, these conditions are satisfied by a large class of solutions of the minimal six-dimensional supergravity embedded in type IIB theory. Introducing the notation
we have
It then simply follows that
Inserting (A.42) in (A.49) we get,
To compute the transformed right hand side of the Einstein equations, we need to first raise the indices on the three-form field F µνλ . Raising the first index we get,
Using the identities,
it follows that,
Similarly raising the second index we get,
Given the above expressions, it is possible to compute the change in the right hand side of the Einsteins equations. However, it turns out that for various purposes the three-form with all three indices raised is a much easier quantity to work with. We now write an expression for F ′ with all three indices raised, and then turn to Einstein equations. We have
which is a remarkably simple equation.
Now we are in position to compute the transformed right hand side of (A.1). Using identities
we get,
From this expression we easily see that
where we have used the identities
We see that the right hand side matches with the left hand side.
A.3 Matter field equations
The matter field equations are
Under the deformation the left hand side of this equation changes as
The first term in equation (A.78) is just the field equations for the background configuration, which is zero. For the second term in (A.78), we have via (A.48)
Applying the covariant ∇ µ on this expression we find,
we get
Hence the matter field equations are also satisfied by the transformed configuration.
We have shown that under the generalised Garfinkle-Vachaspati transform, solutions of IIB theory are mapped to solutions of IIB theory.
B BW and GMR formalisms
In this appendix, after a brief review of the Gutowski-Martelli-Reall (GMR) and the Bena-Warner (BW) formalisms we relate the two notations. Similar computations were also done in [42, 43, 44] .
B.1 Gutowski-Martelli-Reall formalism
In the GMR formalism [17] , we work with minimal six-dimensional supergravity. We follow the notation of appendix A of reference [25] . The bosonic part of this theory consists of metric g µν and a self-dual three-form G µνρ . GMR showed that the metric for any supersymmetric solution of minimal 6D supergravity can be written as
where h mn is a metric on a four-dimensional almost hyper-Kähler base manifold, β and ω are one-forms on this base space, while F and H are functions on the base space.
In general, the above metric only has
as the null Killing vector, i.e., h mn , β, ω F and H can be v-dependent. However, to compare with the Bena-Warner formalism [15] , we must restrict to v-independent solutions. For this case, the six-dimensional field strength G takes the form
A detailed analysis of the Killing spinor equations shows that the equations of motion then reduce to
In these equations, the Hodge star is with respect to 4-dimensional base metric h µν and self-dual two-form G + is defined as
We also note that ⋆d ⋆ dF = −∇ 2 F and (
B.2 Bena-Warner formalism
Bena and Warner [15] showed that solutions preserving same supersymmetries as those of three charge black holes and black ring can be written in a general form with one forms defined on a four dimensional hyper-Kähler base space. Their formalism is simplest and most symmetric in the M-theory form, with branes intersecting on the six-torus with coordinates (z 1 , . . . , z 6 ) as M2(12)-M2(34)-M2(56). We refer the reader to the review [9] for further details on brane-intersection. The metric in eleven-dimensions takes the following symmetrical form,
where ds 2 T 6 is metric on the six-torus,
and ds 2 5 is the metric on five-dimensional transverse spacetime,
where h mn is the metric on a 4-dimensional hyper-Kähler base space.
The M-theory three-form potential A for this class of solutions can be written in terms of three one-form potentials A (I) on the five-dimensional spacetime,
which in turn take the form,
where κ and ω I are one-forms on the four-dimensional base space while Z I are functions on the base space. These functions and one-forms are determined by the BW equations [15] : 16) where the Hodge star is with respect to the four-dimensional base metric h mn .
To compare with the GMR formalism, we convert from the M-theory form to the type IIB D1-D5-P form using dualities and dimensional reduction (later we will truncate to six-dimensional minimal supergravity). Performing a dimensional reduction along the z 6 -direction we can go from and with three-form RR field,
µ , (B.19)
µ , (B 20) and two-form NS-NS B-field,
µ . (B.21)
Next we need to perform T-dualities along z 3 , z 4 and z 5 directions to get D5(12345)-D1(5)-P (5) system. We recall the T-duality rules for a duality along z-direction: Now doing T-duality along z 5 -direction, we get our required D1-D5-P configuration. The IIB dilaton reads: 33) and the metric takes the form, together with the associated RR-field components,
We can dualize the 6-form potential to get a 2-form potential. This is a tedious step. Fortunately, we do not need to do this electromagnetic duality. Comparing metric (B.34) to the GMR form, we obtain a complete dictionary between the GMR and the BW variables. Using this dictionary we can convert the GMR form of the field strength (B.3) into the BW variables. We expect the electromagnetic duality to give the same result.
Since GMR formalism is for minimal six-dimensional supergravity, in order to compare the above configuration with the GMR form we must set Z 1 = Z 2 . In that case, the dilaton vanishes The RR field strength in ten dimensions is normalised as F = 2G, with the associated 2-form field 
B.3 Relation between GMR and BW
Now that we have a simple dictionary (B.38) we can easily relate BW and GMR equations of motion. On the GMR side, we look at v-independent solutions while on the BW side we consider solutions with Z 1 = Z 2 and ω 1 = ω 2 .
We consider BW equations and using the dictionary transform them into GMR equations. 
which implies (B.5). Similarly,
which implies (B.4).
